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Abstract ,

Langrange's theorem states that the order of a subgroup of a finite group is a
divisor of the order of the group. The converse however is false. That is, it is
not true in general that for each divisor m of the order of a finite group G,
there exists a subgroup of order m. The writer tries to show that the converse is
true for some subgroups of prescribed order. That is, for each divisor m of the
order of a finite group, there exists a subgroup of order m. Sylow (a
Nowegian mathematician) in his theorem gave a condition for such divisor m
if G must have a subgroup of order m. The group treated in this paper is the
permutation group also called the symmetric group. Wreath product is used
in constructing these subgroups (the Sylow p - subgroups) of the

symmetric group of degree p (S« ) where p is a prime and k > 0, and in

general, of any S;, .

Introduction

LaGrange's theorem states that the order of a subgroup of a finite group is a divisor of the
order of the group. The converse is not generally true. There are very few theorems which assert the
existence of subgroups of prescribed order in arbitrary finite groups. The most basic and widely used
is a classic theorem due to the Norwegian Mathematician Sylow. For the purposes of reference, it is
good to state without proof, the Sylow's theorem:

\

Theorem

1 Ifpisaprime number and// is the highest power of p dividing the order of G, for any group
G, then G has a subgroup of order/) .
2. Any two subgroup of order p in G are conjugate; that is, if
|H|=|N|=p"
H, N subgroups of G, then for some
xe@F, N=X"Hx
3. The number of subgroups of order p  in G is of the form 1 + np and divides the order of G,

n > 0.
The subgroup in (1) of the above theorem is the Sylow p - subgroup of G.

1. Preliminaries
Group Actions
Let H and G be groups, then G acts on H if for each y e G and h e H, there corresponds a
uniaue element h’ e H such that
(h"y? =k, y .y, G, heH
(hh) =hlhy, yeG, h,hycH
h'=h

Remark 1.1

Let D and X be groups so that D acts on X. Then, to each d e D , there corresponds a map
<j>\X-*X, defined by <j> :d~$ x and this is an automorphism of X. Moreover, the map LJ,
:D -» Aut(X) defined by \i:d->8 is a homomorphism. We call (J, the automorphism



representation of D corresponding to the action or simply, the action.

Definition
Let the action of D on X be fa, Then we call the group G of all pairs (d , x) with
d e D,x e X and multiplication given by

('dl’x’l)(dzrxz) e ({Jldi) — (dldl’xlﬂlz#xz)

as the semidirect product of D by X, and is denoted by
G=[X],D

where -|x 6 Hom(D, Aut(X) [See (4)].

Generating Sylow P - Subgroups Of The Symmetric Group Using Wreath Product
We first show that for any symmetric group S i of degree p, p, a prime, there exists a

Sylow p- subgroup. This subgroup as we shall see is the Wreath product of two permutation sub
groups of S¢.

Lemma

Define n(k) by

p"® | p*1 but p" ' |*  Then

(V=14 p% Bt gt b wpt
For the proof, see (2) on Sylow's theorem.

The construction of the Sylow p - subgroup of the symmetric group S  is by induction on k.

the subgroup is of order p™ . If k =1, then the element ( 1 2 3 ... p) in S, is of order p, so generate
a subgroup of order p. Since n(l) = 1, the result certainly checks for k = 1. Suppose that the result is true
for k-1, we show that it is true for k. The symmetric group S i is a permutation group on

1,2, 3,...p", hence, the element
(123 ...p"isin5 (. Divide i, 2, 3, ... p“ into p groups, each having equal length p ~ as
4p

P R Il s S o
A =(p" sl p"2, ..., 2p'7)

follows:

4, =((p=Dp" +1 (o~Dp *3 .. 55

Define a permutation f 5, ¢ — Sl Floipe
P

cycles, where the elements of _/j are
the first elements in each of the groupings, elements of f, are the second elements in each of the



groupings and so on. Thus,
f=0 p+1 2p" +1 L (p-Dp D@ pFTH2 L. 2pM 42

= Ga0pe 22012 G 20 e Ae=Dns )
The permutation f has the property that
22 [I'=(1)

(2.3)  If g is a permutation that acts only on 1, 2, 3, ... p*~* (that is, i° - i for all i > p*~',

then f~'gf movesonlyelementsin 4 = ¢, ¢« movesonly elementsin4;  and
generally
f"gf" movesonlyelementsin 4_,, r=1, 2, .., p-1.

Define D =< f > to be the group generated by f. Let
C={geS,:i* =i i>ptY

Then C is a subgroup of S« and elements in C can carry out any permutation in 1,

2,3, ... p~! -Thus C can be thought of as belonging to the family of symmetric groups of degree n *
. Hence

=5
P

Let R, be a Sylow p - subgroup of S¢_, generatedby (1 2 3 ... /?*"). Certainly, R®
is a subgroup of C and since C ~ S .\, the order of R, divides Q?* *)I. From our assumption, we
must have p"®~" as the order of R.

Define by G* = RIR;Ri—Rp (disjoint permutations), where

R, = FAR =02 s p] Thas

Ri=<( 2 3 ... p")>
RE:-«:(pHJH pk" +2 .. ka_’)}

k-1 k-1 k
R,=<(p=-Dp~ +1 (p-Dp"~ +2 p)>
R, j=1,2,3, ., p isisomorphictoR., hence has order p"C ™ The distinct
Each

I G“ I: pn(&'“l}p . ppn(k—]) ]
elements of G is a normal subgroup of S« and

P=(1) and R,;=f"'R ', i=0,1,2,..p-1,we
Without loss of generality, since

have G =f7'G" [ [See (1)].

Foreach f € D andg=rr#,..r, € G, define

636y g fef=e’.



Obviously,
g“r‘ € G and (gf.)"' exists. Also, for g, g, € G,

(€:8,)" :fﬁi(gigz)f
=(f a7 e
= glf ng
fence f~ e Aut(G").
Define amap |i : D -> Aut((j ) by T This is certainly a homomorphism. Here

DNG" =(1) and G isnormalin D x G, forlet fg € DxG  such that
feDb, geG,
() 'e(fe)=¢" gk
=g (f gg G
Thus, the group D x G* is the semidirect product of G by D with respect to jj, eHom(D,
Aut(G'j). The Wreath product of the permutation group R” Dby D denoted by Ry Wr D is the
semidirect product [G] D. Thus

RWrD=H={fr:feD,reG}
Now His of order p.|G™ |=p.p"* ™7 = p?”**! From Lemma 2.1,
n(k—=1)=1+ p + ...+ p*? sothat
pnk-)+1=1+ p+ p’ +..+ p*" =nk)

Therefore, the order of H is p*" . Now the required Sylow p - subgroup of S * is the set H

of order p"™\ [See (2)].
We now construct a Sylow 3 - group of S ; - S¢. This is a permutation on the set {1,
2,3,...,9}. The groupings are {1, 2, 3}, (4, 5,6}, {7,8,9}.Put f=(147)(25
7)(3 6 9). Then /°-(l) Let Ry =< (12 3)>={(1), (12 3), (132)}, then
*, =/~X /=< (456) >={(1), (456), (4 6 5)}
*3 = [-2% [2=<(789)>-{(1),(789), (798} NowD
={(1),(147)(258)(369),(174)(285)(396)}
and G*=RiRiR;
«{(1),(123),(132)}{(1),(456),(465)}3(1),(789), (798)}
-{(1),(123),(132),(456),(465),(789), (798),
(123)(456),(123)(465),(132)(456),(132)(465),(123)(789),(124)(7928),
(132)(789),(132)(798),(456)(789),(456)(798),(465)(789),(465)(7928),
(123)(456)(789),(123)(456)(798),(123)(465)(789),(123)(465)(798), (1
32)(456)(789),
(132)(456)(798),(132)(465)(789),(132)(465)(7928)}
i
The Sylow 3 - subgroup is the group generated by D  and D. Hence< A
G*>={(1),(123),(132),(456),(465),(789), (798),
.(123)(456),(123)465),(132/456),(132)(465),123)(789), (124)798) (132789, (132/(798), (456)(789),(456)7 98), (4657 89),(465X79



8) (L23)456)789) (L23(456(798) (1 23X465(789) (L23Y465)799) (L3AA56X789) (L32A56)798) (132)A65)789) (L3AA465K79
8)(147Y258)369) (147258369 (14 7359/692) (157682493, (167482593, (485926 73), (L49572683), (157268

349)(167248359),(15736 8)492),(167348)(592),(148259367)(149257368) (148359672, (14935 7)682) (L5
8692473),(159672483) (L68492573) (L69472583) (L58269347)(159267348), (168249357), (L69247358),

58369(472)(15936 7(482)(168349(572),(169347)582),(L74(285)396),(174285396),(L74385)062)(L 758629
43),(176842953),(164952763), (194752863) (175286394), (L76284395),( 17538 6(942),(176384)052), (184
295376),(194275386),(184395)762),(194375(862) (L85962743), (L95762843) (186942753), (L96742853) (L8

5296374),(195276384),
(186294375),(196274385),(185396)(742),
(19537 6)(842),(186394)(752),(L96374)(852)}

Hence, <D¢G*>=p"® =38(x=3%=81  («(2)=1+ 3 =4).
Therefore, for 321 =91=1.2.3....... 9, the highest power of 3 that divides 9! is 4.
Thus 3* [9! but 3° Jfil .

Corollary

If p is a prime, then a Sylow p - subgroup of the symmetric group S ,. is the Wreath product
of cyclic group of order p (C ) with itself k time.

From the above corollary, one can compute a Sylow p - subgroup of any S,. The procedure is
as follows: Write n in base p.

N=ag+ap +ap”+..+ayp’, O<ar<p

Now partition the set of integers 1 through n into ag singletons, a; subsets with p elements, a,

subsets with p? elements, and so on. On each of these subsets X;; construct a Sylow p -subgroup

of Sx . The direct product of all these subgroups is a Sylow p - subgroup of S, . (Itis a
subgroup because disjoint cycles commute; it is a Sylow p - subgroup because it has the right order),

[(See (3)].

We generate here all the elements of a Sylow 2 - subgroup of Se. In
base 2,
6=01+12+12
-01+1.2+14
The partitions are {1, 2}, {3, 4, 5, 6}. Let X, = {1, 2}. A Sylow 2 - subgroup of S
=S, is C,. Also let X; = (3, 4,5, 6}. ASylow 2 - subgroup of Sy =S, = S, is C, Wr C,
which is of order 8. Hence, a Sylow 2 - subgroup of Sg is of order 16.
We now generate the elements using an earlier approach. We consider the partitions

separately. For $,, the Sylow 2 - subgroup is the group generated by
{1, 2} whichis {(1), (1, 2)}. Letus denote this by 7], For S, which is the set of all

the permutations on {3, 4, 5, 6}, the groupings are (3, 4} and {5, 6} sothat/ - (3 5)(4 6), f2
=(1). ThenD =< f>={(1), (3 5)(46)}
Put

=<@ 4 =>={", G D}
R-rX/=<(56)>={(1), 5 6)}



G*="={(1),(34),(56), (34)(56)}

<AG*>={(l),(34), (56), (34)(56), (35)(46),(3546),(3654), (3645)}
_T2

Now

TXT, ={(1), (34), (56),(34)(56), (35)(46),(3546),(3654), (36

45),(12),(12)(34),(12)(56),(12)(34)(56),(12)(35)(46),(12)(354
6), (12)(3654), (12)(3645)} whichis the set of all the elements of a Sylow 2

- subgroup of Sg.

Conclusion
The writer tries to show that for any divisor m of the order of a symmetric group (S k) of

degree p¥, p a prime and k > 0, there exist a subgroup
(Sylow p - subgroup) whose order is m. This is the converse of the Langrange's theorem, though only

valid for prescribed groups.
In constructing the Sylow p - subgroups and the corollary that follows, the emphasis was on

symmetric groups of degree p  where p, is a prime and k > 0. The writer extended his work to the
construction of Sylow p - subgroups of symmetric groups of degree n (S,) where n >0,

References
Bechtell, H. (1971). Tlieoty of Groups. New York: Addison Wesley Publishing Company, Inc.

Heratein, I. N. (1975). Topics in Algebra. New York: John Wiley and Sons, Inc. f
Heratein, I. N. (1990). Abstract Algebra. New York: Macmillan Publishing Company. Rose

J. S. (1978). A Course on Group Theory. New York: Cambridge University Press.



