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Abstract , 
Langrange's theorem states that the order of a subgroup of a finite group is a 
divisor of the order of the group. The converse however is false. That is, it is 
not true in general that for each divisor m of the order of a finite group G, 
there exists a subgroup of order m. The writer tries to show that the converse is 
true for some subgroups of prescribed order. That is, for each divisor m of the 
order of a finite group, there exists a subgroup of order m. Sylow (a 
Nowegian mathematician) in his theorem gave a condition for such divisor m 
if G must have a subgroup of order m. The group treated in this paper is the 
permutation group also called the symmetric group. Wreath product is used 
in constructing these subgroups (the Sylow p - subgroups) of the 

symmetric group of degree p (Spk ) where p is a prime and k > 0, and in 

general, of any Sn . 

Introduction 
LaGrange's theorem states that the order of a subgroup of a finite group is a divisor of the 

order of the group. The converse is not generally true. There are very few theorems which assert the 
existence of subgroups of prescribed order in arbitrary finite groups. The most basic and widely used 
is a classic theorem due to the Norwegian Mathematician Sylow. For the purposes of reference, it is 
good to state without proof, the Sylow's theorem: 

\ 
Theorem 

1. If p is a prime number and// is the highest power of p dividing the order of G, for any group 

G, then G has a subgroup of order/) . 
2. Any two subgroup of order p in G are conjugate; that is, if 

 
H, N subgroups of G, then for some 

 
3.   The number of subgroups of order p   in G is of the form 1 + np and divides the order of G, 

 
The subgroup in (1) of the above theorem is the Sylow p - subgroup of G. 

1.  Preliminaries 
Group Actions 

Let H and G be groups, then G acts on H if for each y e G and h e H, there corresponds a 

uniaue element hy e H such that 

 
Remark 1.1 

Let D and X be groups so that D acts on X. Then, to each d e D , there corresponds a map 
<j> \X-*Xt defined by <j> :d~$ xd and this is an automorphism of X. Moreover, the map LJ, 
:D -» Aut(X) defined by \i:d->§ is a homomorphism. We call (J, the automorphism 



representation of D corresponding to the action or simply, the action. 

Definition 
Let the action of D on X be  fa , Then we call the group G of all pairs (d , x) with  

d e D,x e X and multiplication given by 

 

as the semidirect product of D by X, and is denoted by 

 

where -|x 6 Hom(D, Aut(X)  [See (4)]. 

Generating Sylow P - Subgroups Of The Symmetric Group Using Wreath Product 
We first show that for any symmetric group S k of degree p , p, a prime, there exists a 

Sylow p- subgroup. This subgroup as we shall see is the Wreath product of two permutation sub 
groups of S t . 

Lemma 
Define n(k) by 

 
For the proof, see (2) on Sylow's theorem. 

The construction of the Sylow p - subgroup of the symmetric group S k is by induction on k. 

the subgroup is of order p"w . If k = 1, then the element ( 1 2 3  ... p) in Sp is of order p, so generate 
a subgroup of order p. Since n(l) = 1, the result certainly checks for k = 1. Suppose that the result is true 
for k-1, we show that it is true for k. The symmetric group S k is a permutation group on 

1, 2, 3, ... pk , hence, the element  

( 1 2 3  ... pk) is in 5 ( . Divide i, 2, 3, ...  pk  into p groups, each having equal length p ~   as 
4 p 

follows: 
 

  

 

  

Define a permutation f 

cycles, where the elements of _/j are 

the first elements in each of the groupings, elements of f2 are the second elements in each of the 

 

 

 

 

 



groupings and so on. Thus, 

 
The permutation f has the property that 

(2.2) /' = (1) 
(2.3) If g is a permutation that acts only on 1, 2, 3, ... pk~* (that is, ig - i for all i > pk~l, 

moves only elements in moves only elements in^43    and 
generally 

 
Then C is a subgroup of S k and elements in C can carry out any permutation in 1, 

2, 3, ... pk~] -Thus C can be thought of as belonging to the family of symmetric groups of degree n " 
. Hence 

 
Let Rl be a Sylow p - subgroup of S t_, generated by (1   2   3   ...   /?*"'). Certainly, R^ 

is a subgroup of C and since C ~ S k.\, the order of Rl divides Q?* *)!. From our assumption, we 

must have ptt(k~l} as the order of Rl. 
Define by  G* = RlR2Ri—Rp  (disjoint permutations), where 

 
 

  

 

  

Each 

is isomorphic to R., hence has order pn(   l}. The distinct 

 
elements of G   is a normal subgroup of S k and 

 
Without loss of generality, since 

 

  

 

 

 

 



Obviously, 

 

  

Define a map |i : D -> Aut((j ) by This is certainly a homomorphism. Here 

 
Thus, the group D x G* is the semidirect product of G  by D with respect to jj, eHom(D, 

Aut(G'j). The Wreath product of the permutation group  R^   by D denoted by R} Wr D is the 
semidirect product [G ]   D . Thus 

 

Therefore, the order of H is p"w . Now the required Sylow p - subgroup of S * is the set H 

of order p"(k\ [See (2)]. 
We now construct a Sylow 3 - group of S z - S9. This is a permutation on the set {1, 

2, 3, . .. ,  9}. The groupings are {1, 2, 3}, (4, 5, 6},   {7, 8, 9}. Put   f=(l 4 7)(2 5  
7)(3 6 9). Then / 3-(l) Let R t = < (1 2 3) > = {(1), (1 2 3), (1 3 2)}, then 

*2 =/~X / = < (4 5 6) > = {(1), (4 5 6), (4 6 5)}  

*3 = /-2*i /2 = < (7 8 9) > - {(1), (7 8 9), (7 9 8)} Now D 
= {(1), (1 4 7)(2 5 8)(3 6 9), (1 7 4)(2 8 5)(3 9 6)} 

and G*=RiRiR3 
.« {(1), (1 2 3), (1 3 2)}{(1), (4 5 6), (4 6 5)}{(1), (7 8 9), (7 9 8)}  

- {(1), (1 2 3), (1 3 2), (4 5 6), (4 6 5), (7 8 9), (7 9 8),  
(1 2 3)(4 5 6), (1 2 3)(4 6 5), (1 3 2)(4 5 6), (1 3 2)(4 6 5), (1 2 3)(7 8 9), (1 2 4)(7 9 8), 
(1 3 2)(7 8 9), (1 3 2)(7 9 8), (4 5 6)(7 8 9), (4 5 6)(7 9 8), (4 6 5)(7 8 9), (4 6 5)(7 9 8), 
(1 2 3)(4 5 6)(7 8 9), (1 2 3)(4 5 6)(7 9 8), (1 2 3)(4 6 5)(7 8 9), (1 2 3)(4 6 5)(7 9 8), (1  
3 2)(4 5 6)(7 8 9),  
(1 3 2)(4 5 6)(7 9 8), (1 3 2)(4 6 5)(7 8 9), (1 3 2)(4 6 5)(7 9 8)}  

i 
The Sylow 3 - subgroup is the group generated by D   and D. Hence < A 

G* > = {(1), (1 2 3), (1 3 2), (4 5 6), (4 6 5), (7 8 9), (7 9 8), 
. (1 2 3)(4 5 6), (1 2 3)(4 6 5), (1 3 2)(4 5 6), (1 3 2)(4 6 5), (1 2 3)(7 8 9), (1 2 4)(7 9 8), (1 3 2)(7 8 9), (1 3 2)(7 9 8), (4 5 6)(7 8 9), (4 5 6)(7 9 8), (4 6 5)(7 8 9), (4 6 5)(7 9 

 

 

 



8), (1 2 3)(4 5 6)(7 8 9), (1 2 3)(4 5 6)(7 9 8), (1 2 3)(4 6 5)(7 8 9), (1 2 3)(4 6 5)(7 9 8), (1 3 2)(4 5 6)(7 8 9), (1 3 2)(4 5 6)(7 9 8), (1 3 2)(4 6 5)(7 8 9), (1 3 2)(4 6 5)(7 9 
8), (1 4 7)(2 5 8)(3 6 9), (1 4 7 2 5 8 3 6 9), (1 4 7 3 5 8)(6 9 2), (1 5 7 6 8 2 4 9 3), (1 6 7 4 8 2 5 9 3), (1 4 8 5 9 2 6 7 3), (1 4 9 5 7 2 6 8 3), (1 5 7 2 6 8 
3 4 9), (1 6 7 2 4 8 3 5 9), ( 1 5 7 3 6  8)(4 9 2), (1 6 7 3 4 8)(5 9 2), (1 4 8 2 5 9 3 6 7), (1 4 9 2 5 7 3 6 8), (1 4 8 3 5 9)(6 7 2), (1 4 9 3 5 7)(6 8 2), (1 5 
8 6 9 2 4 7 3), (1 5 9 6 7 2 4 8 3), (1 6 8 4 9 2 5 7 3), (1 6 9 4 7 2 5 8 3), (1 5 8 2 6 9 3 4 7), (1 5 9 2 6 7 3 4 8), (1 6 8 2 4 9 3 5 7), (1 6 9 2 4 7 3 5 8), (i 
5 8 3 6 9)(4 7 2), ( 1 5 9 3 6  7)(4 8 2), (1 6 8 3 4 9)(5 7 2), (1 6 9 3 4 7)(5 8 2), (1 7 4)(2 8 5)(3 9 6), (1 7 4 2 8 5 3 9 6), (1 7 4 3 8 5)(9 6 2), (1 7 5 8 6 2 9 
4 3), (1 7 6 8 4 2 9 5 3), (1 6 4 9 5 2 7 6 3), (1 9 4 7 5 2 8 6 3), (1 7 5 2 8 6 3 9 4), (1 7 6 2 8 4 3 9 5), ( 1 75 38  6)(9 4 2), (1 7 6 3 8 4)(9 5 2), (1 8 4 
2 9 5 3 7 6), (1 9 4 2 7 5 3 8 6), (1 8 4 3 9 5)(7 6 2), (1 9 4 3 7 5)(8 6 2), (1 8 5 9 6 2 7 4 3), (1 9 5 7 6 2 8 4 3), (I 8 6 9 4 2 7 5 3), (1 9 6 7 4 2 8 5 3), (1 8 
5 2 9 6 3 7 4), (1 9 5 2 7 6 3 8 4), 
(1 8 6 2 9 4 3 7 5), (1 9 6 2 7 4 3 8 5), (1 8 5 3 9 6)(7 4 2), 
( 1 9 5 3 7  6)(8 4 2), (1 8 6 3 9 4)(7 5 2), (1 9 6 3 7 4)(8 5 2)} 

Hence,   <D9G* > = pn(k) =3B(*'=34=81,    («(2)=1 + 3 = 4). 
Therefore, for 32! = 9! = 1.2.3 ....... 9, the highest power of 3 that divides 9! is 4. 

Thus 34 [9! but 35 Jfil . 

Corollary 
If p is a prime, then a Sylow p - subgroup of the symmetric group S ,. is the Wreath product 

of cyclic group of order p (C ) with itself k time. 

From the above corollary, one can compute a Sylow p - subgroup of any Sn. The procedure is 
as follows: Write n in base p. 

n = a0 + a}p + a2p2 + ... + appp,         0 < a{ < p 

Now partition the set of integers 1 through n into aQ singletons, a1 subsets with p elements, a2 
subsets with p2 elements, and so on. On each of these subsets Xit construct a Sylow p -subgroup 
of Sx . The direct product of all these subgroups is a Sylow p - subgroup of Sn . (It is a 

subgroup because disjoint cycles commute; it is a Sylow p - subgroup because it has the right order), 
[(See (5)]. 

We generate here all the elements of a Sylow 2 - subgroup of S6. In 
base 2, 

6 = 0.1 + 1.2 + 1.22 

-0.1 + 1.2 + 1.4 

The partitions are {1, 2}, {3, 4, 5, 6}. Let Xl = {1, 2}. A Sylow 2 - subgroup of Sx  
= S2 is C2. Also let X2 = (3, 4, 5, 6}. A Sylow 2 - subgroup of Sx = S4 = S22 is C2 Wr C2 
which is of order 8. Hence, a Sylow 2 - subgroup of S6 is of order 16. 

We now generate the elements using an earlier approach. We consider the partitions 
separately. For $2, the Sylow 2 - subgroup is the group generated by 

{1,   2} which is {(1),     (1,   2)}. Let us denote this by 7], For S, which is the set of all 
the permutations on {3, 4, 5, 6}, the groupings are (3, 4} and {5, 6} so that / - (3 5)(4 6),      f2 
= (1). Then D = < f > = {(1), (3  5)(4 6)} 
Put 
*,=<(3   4) > = {(!),   (3   4)}, 

JR2-rX/ = <(5 6) > = {(!), (5 6)} 



G* = ^2 = {(1), (3 4), (5 6), (3 4)(5 6)}  

< A G* > = {(I), (3 4), (5 6), (3 4)(5 6), (3 5)(4 6), (3 5 4 6), (3 6 5 4), (3 6 4 5)} 

-T2 
Now 
T,xT2  = {(1), (3 4),  (5 6), (3 4)(5 6), (3 5)(4 6), (3 5 4 6), (3 6 5 4), (3 6 
4 5), (1 2), (1 2)(3 4), (1 2)(5 6), (1 2)(3 4)(5 6), (1 2)(3 5)(4 6), (1 2)(3 5 4 
6), (1 2)(3 6 5 4), (1 2)(3 6 4 5)} which is the set of all the elements of a Sylow 2 
- subgroup of S6. 

Conclusion 
The writer tries to show that for any divisor m of the order of a symmetric group (S k) of 

degree pk, p a prime and k > 0, there exist a subgroup 
(Sylow p - subgroup) whose order is m. This is the converse of the Langrange's theorem, though only 
valid for prescribed groups. 

In constructing the Sylow p - subgroups and the corollary that follows, the emphasis was on 
symmetric groups of degree p   where p, is a prime and k > 0. The writer extended his work to the 
construction of Sylow p - subgroups of symmetric groups of degree n (Sn) where n >0, 
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